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Abstract. Let p be a prime number. Let G be a finite p-group and \ £ Irr(G). 
Denote by % £ Irr(G) the complex conjugate of \- Assume that x(l) = P n ■ 
We show that the number of distinct irreducible constituents of the product 
XX i s a t least 2n(p — 1) + 1. 



1. Introduction 

Let G be a finite group. Denote by Irr(G) the set of irreducible complex charac- 
ters of G. Let x £ Irr(G). Define x(ff) to be the complex conjugate x(g) 01 x(#) f° r 
all g £ G. Observe that x £ Irr(G). Through this work, we will use the notation 

of GJ- 

Let x,^ G Irr(G). Since the product of characters is a character, \?p is a char- 
acter of G. So it can be expressed as an integral linear combination of irreducible 
characters. Let r](x, be the number of distinct irreducible constituents of the 
product x>P- 

The main result is the following 

Theorem A. Let p be a prime number. Let G be a finite p-group and x £ Irr(G) 
with = p n ■ Then 

v(x,X) > 2n(p- 1) + 1. 

In Proposition 16.11 we show that, given a prime p and an integer n > 0, there 
exist a p-group G and a character x £ Irr(G) such that = P n an d ^(XjX) = 
2n(p — 1) + 1. Thus the bound in Theorem A is optimal. 

Fix an odd prime p. In p^i we considered the set of possible values that ry(x, ip) 
can have for any finite p-group G and faithful characters x, ip £ Irr(G). There we 
proved that there is a "gap" among the set of all possible values that n(x, ip) can 
have, namely either n(x: 4>) — 1 or viXi V*) ^ 2~- The following theorem is another 
example of "gaps" . 

Theorem B. Let p be a prime number. Let G be a finite p-group and x £ Irr(G). 
Then one of the following holds: 

(i) X(l) = 1 and T)(X>X) = L 

(ii) x(l) = P an d f}{XiX) = 2p — 1 or p 2 . 
(Hi) x(l) > P 2 an d T)(Xj x) > 4p — 3. 

We can check that p 2 > 4p — 3 if p > 2. Thus Theorem B implies that if 
V(x,x) < 4p - 3 and p > 2, then either n{x,X) = 1 or n(x,x) = 2p-l. 
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2. Notation 

Given a character 8 of G, we denote by 2(0) = {x G Irr(G) | [%, 0] > 0} the 
set of irreducible constituents of 0. 

Given subgroups N and M of G, and characters v G Irr(iV) and /z € Irr(M), we 
say that 

(N,u) < (M,») 

if N < M and [u,fi N ] ^ 0. Similarly we say that (N,v) < (M,fi) if N < M and 
[v,fi N ] ^ 0. 

Let N be a normal subgroup of G. Let x £ Irr(G) and f € Irr(iV) be such that 
(N,u) < (G, x)- We denote hy G v = {g e G \ v 9 = v] the stabilizer of v in G. 
Also we denote by Xu G Irr(G„) the Clifford correspondent of % with respect to v, 
i.e. the unique character %v 6 Irr(G„) such that (Xi/)iV = X „(i) v anc ^ (x^) G = X- 

We set Irr(MmodiV) = Irr(M) | Ker(/x) > TV} and Lin(G) = {x G Irr(G) | 
x(l) = 1}. The principal character of a group H is denoted by 1r- 

3. Preliminaries 

In this section, we will prove a series of lemmas that will be used in the proof of 
Theorems A and B. 

Hypotheses 3.1. Let p be a prime number and G be a finite p-group. Let x £ 
Irr(G) be such that x(l) = P n - 

Lemma 3.2. Assume Hypotheses Iff. 11 Let H be a subgroup of G and 7 G Irr(iJ). 
Assume that 7 = x- Then 2 ((77) ) C 2(xx). 

Proof. Since -f G = x, we have that [7, Xh] 0- By Exercise 5.3 of |2] we have that 
(iXh) G = XX- Thus XX = (77) G + 0, for some character of G. □ 

Lemma 3.3. Assume Huvotheses lff.il Le< M/N be a chief factor of G. Assume 
2((1at) m ) C 2((xx)m). 27ien for each 8 G Irr(A/ modiV), i/iere exists 9s G 2(xx) 
smc/i i/ia£ (9s)m — 08(1)8. Ln particular, there are at least p — 1 distinct elements 
in 2(xx) Zymg above irreducible constituents of ((1n) m — 1m)- 

Proof. Since G is a p-group, G acts trivially on M/N. Therefore every 8 G 
Irr(Mmod./V) is G-invariant and linear. By hypothesis we have that, given 8 G 
Irr(MmodiV), there exists some 9s G 2(xx) such that [(9s) m, 8] ^ 0. Since 8 is 
G-invariant and linear, we have that (0$)m = #<5(1)<5. Thus if Si, 82 G Irr(Mmod AT) 
and Si ^82, then 0^ ^ 9s 2 . □ 

Lemma 3.4. Assume Huvotheses lff.il Le£ M/N be a chief factor of G. Let /i G 
Irr(Ai) and G Irr(iV) oe characters such that (N,v) < (M,p) < (G,x)- Assume 
that Gfj, < G„. Then \G v :G^\=p and 2((1 JV ) M ) C 2(( X x)m). 

Proof. Let Xv £ Irr(G^) be the Clifford correspondent of x with respect to v. 
Therefore (xu)n is a multiple of v. Because G M < G v and \M/N\ — p, there are p 
conjugates of /x, and they are all the characters of M lying above v. Therefore \G V : 
Gn\ = p and (Xu)m is a multiple of the sum of these p-conjugates. The last sum is 
v M . Therefore (X/*)m is a multiple of v M . Thus E(v M ) C E((xu)m)- We conclude 
that ~((1n) m ) C E((W) m ) C 2(^(P) m ) C S(( X ^)m) Q E(( X x)m). □ 



PRODUCTS OF CHARACTERS AND FINITE p-GROUPS II 



3 



Lemma 3.5. Assume Hypotheses \3.1\ Let N < G and v £ Irr(AT) be such that 
(N,u) < (G,x)- Let M/N be a chief factor of G. Assume that M n G v = N. Set 
fi = v M . Then fj, e Irr(M), G M = G V M and (M,fi) < (G, X )- Also E{{1 N ) M ) C 

s(xx). 

Proof. Since G v f\M = N, by Clifford theory it follows that \i = v M E Irr(M), and 
that hn is the sum of the p distinct M-conjugates of v. 

Let Xv £ Irr(G !/ ) be the Clifford correspondent of \ with respect to v. By 
Mackey's Theorem we have that ((Xv) {G " M) )m = ((x^)jv) M - Since {{xu)n) M is a 
multiple of /i, it follows that G V M < G M . Since /j, = v M € Irr(M) is the unique 
character of M above v and [ X N, v] ^ 0, we have that [xm, A*] 0- Let x^ 6 Irr(G M ) 
be the Clifford correspondent of x with respect to /i. Observe that 

(Xi*)n = {{x»)m)n = (^TJjM)iV- 

This last expression is a multiple of the p distinct M-conjugates of which must 
therefore be the G M -conjugates of v. Therefore |G M : G v \ = p. Since |G„M : G v \ — p 
and G V M < G M , it follows that G M = G V M. 

Since v M = fi, by Lemma [3.21 we have that E((i/P) AI ) C S(//ju). Observe that 
S((1jv) a *) C S((^77) A ') and H(/i/l) C H((xx)m)- Thus S((l^)^) C S( X x)- □ 

Lemma 3.6. Assume Huvotheses \S.l\ Assume also that x(l) > p. Set Z = Z(%). 
T/ien Z < G. Lei M/Z fee a c/iie/ factor of G. Let v £ Lin(Z) 6e i/ie unique 
character such that xz = x(X) v - A* € Irr(M) suc/i i/iai (Z,v) < (M,fj,) < 

(G,x)- TTiera 

^H((1^)<H((xx)m). 

(raj m(1) = p° = 1 and |G : G M \ = p. 

(in) S((1 G J G ) < E(xx). 

Proof. Without loss of generality, we may assume that Ker(x) = 1 and thus Z = 
Z(x) = 2(G). Since x(l) > 1, we have that Z < G. Since Z = Z(x) and 
\M : Z\ — p, it follows that (n)z = v. Observe that X M xW/ 1 since M > 
Z = Z(x)- Thus G M < G = G v . Observe that (i) and (ii) follow by Lemma 
13.41 Let X/j € Irr(G M ) be the Clifford correspondent of X with respect to /i. Then 
(Xp) G = X an d by Lemma we have that S((x^x7T) G ) Q 2(xx)- Therefore 
S((1 G J G ) C E(( X ^) G ) C H(xx) and (hi) follows. □ 

Lemma 3.7. Assume Huvotheses lff.il Let M/N be a chief factor of G. Let v £ 
Irr(JV) be such that [v,Xn] ^ 0. Assume that v M = fi £ Irr(M). Then E((1 N ) M ) C 
S((xx)m)- 

Proof. Observe that [//, Xm] ^ 0. By Lemma f3. 21 we have that S((i/V) M ) C H(/i/j). 
Thus S((1jv) m ) C S((j/77) m ) C 3(/i/Z). Since a(j£p) C S((xx)m), the result follows. 

□ 

4. Theorem A 

Hypotheses 4.1. Assume Hvvotheses \3.1\ Let I = Nq < N\ < ■ ■ ■ < Nj < ■ ■ ■ < 

N t = G be a composition series of G. Pick Vj € Irr(iVj), /or j = 0, 1,. .. ,t, such 
that 



(4.2) (1,1!) = (N ^o) < (Ni,vi) <■■■< (Nj,^) <■■■< (N t ,vt) = (G, X ). 
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Definition 4.3. Assume Hypotheses 14.11 Fix i = 1, . . . , t. We say that the chain 
(|4.2(l is stable at i if v%-\ = (vi)N i _ 1 and G Vi _ 1 = G Vi . Otherwise we say that 
that chain is unstable at i. 

Lemma 4.4. Assume Hypotheses \4-l\ Fix i — l,...,t. If the chain (I4.2|l is 
unstable at i, then S((ljv i _ 1 ) ) Q ^(XX)- Also one of the following holds: 

(a) Ui-i = {v i ) Ni _ 1 , G Vi < G Ui _ 1 and \G Vi _ x : G Vi \ = p. 

(b) Vi = (i/i-i) * and G Vi = G Ui _ 1 Ni. Thus \G Ui : G Vi _A =p. 

Proof. Since Ni/Ni-i is a chief factor of a p-group, it is cyclic of order p. Either 
Vi-x extends to Ni, or (vi-i) Ni € Irr(iVi). 

Assume that Vi-\ extends to iVj. Since Ni/Ni-i is a cyclic group, it follows that 
Vi—\ = {yi)Ni-i- Observe that (vi) 9 = Vi implies that (z^-i) ff = Vi-\ for any g in G. 
Thus G Vi < G Vi _ x . Since the chain is unstable at i, we have that G Vi < G Vi _ x . By 
Lemma I3~^l we have that \G Ui _ 1 : G Vi \ — p and S((ljv ( _ 1 ) JVi ) C S((xx)aO- Hence 
the lemma holds with option (a). 

We may assume now that (i>i-\) Ni S Irr(iVj). Since {(vi)N i _ 1 ,Vi-i\ ^ 0, we 
have that that vi — (vi-i) Ni . Also G Ui _ 1 fl iV,- = Ni-±. By Lemma [3.51 we have 
that G Vi = G Vi _,Ni and S((l 7Vi _ 1 )^) C E( X x)- So \G Vi : G Vi _A = \N t : G Ui _, n 
Ni\ = \Ni : Ni-i\ = p. Hence the lemma holds with option (b) and the proof is 
complete. □ 

Lemma 4.5. Assume Hypotheses \4-l\ For i — 1, . . . ,t, let ri and be such that 
p r - = \G : G Vi \ and p s - = ^(1). Set 

(4.6) mi — \{k | 1 < k < i and the chain l|4.2|l is unstable at k }|. 

Then for any i = 1, . . . , t 

(i) S((ljv i _ 1 ) JV *) C H((^x)jv i ) if the chain is unstable at i. 

(ii) m t = 2si + r t . 

Proof. By Lemma 14.41 we have that (i) holds. It remains to prove that (ii) also 
holds. 

Since G is a p-group and N\/l is a chief factor of G, we have that N\ < Z(G). 
Therefore p ri = |G : G V A = \G : G| = 1 and p Sl = ^(1) = 1. Thus n = and 
Si = 0. Since z is stable, we have that mj = 0. So (ii) holds for i = 1. 

We may assume by induction that we have some integer j = 2, . . . , t such that 
the lemma holds for any i < j — 1. Either the chain is stable at j, or it is unstable 
at j. 

If the chain is stable at j, then by l|4.6|l we have that rrij = mj-i. Also p Vj = 
\G : G u . | = |G : G tfJ _ 1 1 = p 1 "^ 1 and p s i = ^(1) = = p 8 ^ 1 . Thus 

TYtj = rrij-i = 2sj_i + = 2sj + rj. 

So (ii) holds for i = j. 

Now we may assume that the chain is unstable at j. By (|4.6fl we have that 
nij = m j—i + 1. Also either (a) or (b) of Lemma [4.41 holds. If (a) holds, then 
p r i =\G:G Vj \= p|G : G Vi _ x \ = p r ^ 1+1 and p^ = = ^_i(l) = p 8 ^ 1 . Thus 

rrij = rrij—i + 1 = 2sj_x + + 1 = 2,Sj + tj. 

So (ii) holds. 



PRODUCTS OF CHARACTERS AND FINITE p-GROUPS II 



5 



Finally, assume that Lemma IPI (b) holds. Thus pp rj = p\G : G v .\ = \G : 
G Vj _A = p r i- 1 . Therefore rj = r,*_i — 1. Since p Sj = Vj{l) = pvj-\(l) = pp s i~ x , 
we have that Sj — Sj_i + 1 and 

rrij = rrij_i + 1 = 2s J _ 1 + r^ x + 1 = (2s J _ 1 + 2) + (r*j_i - 1) = 2s j + r r 

So (ii) holds and the proof is complete. □ 

Proof of Theorem A. We may assume that Hypotheses 14 . 1 1 hold . 

Fix i = 1, . . . , t. Let € S(xx) De a character that lies above an irreducible con- 
stituent of ((l/Vj-J^-ljVi)- If i > i, then [8 Nj ,S] = for any <5 e Itt(N 3 modiVj-!). 
Otherwise Ker(S) > A^_ x > N 4 . Therefore [l^, J \r.,_ 1 ] ^ 0. Since Nj^ < G, 
we have that Nj-% < Ker(0). Thus 6jf t = 9(1)1^ and 9 does not lie above an 
irreducible constituent of ((lN i - 1 ) Ni ~ IjvJ- If j < i then 9nj = 0(l)ljVj- We 
conclude that for any i, j = l,...t with i ^ j, the elements of H(xx) lying above 
irreducible constituents of ((1 jsr i _ 1 ) Ni — 1 at ( ) are distinct from the elements of 3 (xx) 
lying above irreducible constituents of ((lN j _ 1 ) Nj — 1jv 3 ). 

Using the notation of Lemma l4.5l we have that St = n and r t — 0. Thus m t = 2n 
by Lemma 14.51 (ii). If the chain is unstable at i = 1, . . . , i, then by Lemma 13.31 and 
Lemma 14.51 fi) we have that there are at least p — 1 non- principal distinct elements 
of 2(xx) lying above irreducible constituents of ((lN t - 1 ) Ni — IjvJ- Therefore, by 
the previous paragraph there are at least m t (p— 1) distinct non-principal elements 
of 2(xx). Since Iq is an element of 5(xx), we conclude that S(xx) nas at least 
m t (p — 1) + 1 = 2n(j? — 1) + 1 distinct elements. □ 

A corollary of Theorem A is 

Corollary 4.7. Let p be a prime number. Let G be a finite p-group and x,ip G 
Irr(G) = p n . Assume that there exists a G Lin(G) smc/i that [a,xip] 7^ 0. 

TVien 

r](x,i>) >2n(p-l) + l. 

Proof. Observe that [xVs a ] = [V'i a x] 7^ 0- Since a(l) = 1, we have that V = <VC- 

Let 0i, 02 € Irr(G). Observe that a0i = a02 if and only if 9\ = 02- Also observe 
that [0i, xx] — i a ^iiX t P)- Since a9 6 Irr(G) for any £ Irr(G), it follows that 
ViXii^) = ^(XjX 7 )- Applying Theorem A, we get that rj(x,ip) > 2n(p — 1) + 1. □ 

Let p be an odd prime and n > be an integer. Let E be an extra-special group 
of order p 2n+1 and exponent p. Let x G Irr(.E) be such that %(1) = p n . Since 
p > 2, we can choose ip € Irr(£J) such that ^(1) = p n and ^ 7^ X- We can check 
that T](x,ip) = 1. Thus Corollarv l4.7l does not remain true without the existence of 
a € Lin(G) such that [x^P, ct] 7^ 0. 

5. Theorem B 

Lemma 5.1. Assume Hvvotheses \3.1\ Assume also that x(l) = p. Let 9 G Irr(G) 
such that [0, xx] 7^ 0. Then [0, xx] = 1 an d one of the following holds: 

(i) ri(xiX) = 2p — I and XX * s the sum °f P distinct linear characters and p — 1 
distinct irreducible characters of degree p. 

(ii) rj(xiX) = P 2 an d XX * s the sum of p 2 distinct linear characters. 
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Proof. Without loss of generality, we may assume that Ker(x) = 1. Set Z = Z(G). 
Let MjZ be a chief factor of G. Let v £ Lin(Z) be the unique character of Z such 
that xz = X(l)"- Let fi £ Irr(M) be such that < (M,p) < (G,x). Set 

H = Gfj,. Let £ lir(H) be the Clifford correspondent of \ with respect to p,. By 
Lemma T3.6I (ii) we have that \G : H\ = p. 

Since x(l) = P, \G : H\ =p,\^e Irr(if) and (x M ) G = X, we have that x M (l) = 1. 
By Exercise 2.8 of we have that H is an abelian subgroup of G since x is faithful 
and H is normal. 

Fix g £ G\H . Since H is normal and (X/j) G = X, we have that 
p— l p— l p— l p— l 

(5.2) (xx)* = E(^) 5 ' = EEMXmTT ■ 

i=0 j=Q i=0 j=0 

Consider the set f2 = {Xp(av) 93 I i = 0> 1, . . . ,p— 1}. Observe that the elements 
of f2 are linear characters of H and fl has exactly p elements. Also observe that, 
given i,j = 0, 1, . . . ,p — 1, the product (xp) 9 "(Im)^ e Irr(if) is G-conjugate to an 
element in fl. 

Claim 5.3. Assume that for some s £ {1, .. .,p — 1}, the character Xp(Xp) 9 * s 
G '-invariant. Then for all i = 0, 1, . . . ,p — 1, the character XpC\>) 9 * s G -invariant. 
Thus the set S((x^(xpT) 9 ) G ) contains p linear characters. Also S((xp(x"/l) 9 ) G ) an <^ 
S((x A i(X/l) 9J ) G ) are disjoint sets for all i,j = 0, 1, . . . ,p— 1 im'f/i i j ■ In particular, 
the set S(xx) contains p 2 distinct elements, all of which are linear characters. Thus 
fy(X,x) = P 2 an d Lemma \5.1\ (ii) holds. 

Proof. Since Xm(Xm) 9 is G-invariant, K = Ker(xp(x>) 9 ) is a normal subgroup of 
G with Z <K <H. 

Suppose that K > Z. We choose L < K such that L/Z is a chief factor of G. Let 
/3 = (xp)l- Observe that /3 G Lin(L) since X/*(l) = L H ^ = then xl = x(l)/3 
and therefore L < Z(x) — Z. Since L/Z is a chief factor of G, we conclude that 
G/3 = H. Observe that (xpjf = Z? 9 " ^ (i since g s £ G\H. Thus L K since 
^ 1 L . We conclude that X = Z. 

Now x^C^") 9 i s a G-invariant linear character with kernel K — Z. So G cen- 
tralizes if/Z. Hence all the characters in lir(H mod Z) are G-invariant. Since 
Ker(xx) = Z, we have that Ker^^x^) 9 *) > Z for alH = 0, 1, . . . ,p - 1. Thus the 
character Xp(X/T) 9 <= Lin(iJ) is G-invariant for alH = 0, 1, . . . ,p — 1. 

Since Xm(Xm) s is G-invariant, for % = 0, 1, . . . ,p — 1, and |G : i?| = p, it follows 
that Xp(XpT) 9 extends to G and (Xp(Xm) 9 ) G is the sum of the p distinct extensions 
of Xm(Xm) 9 *- Since Xtiixjiy XvixT) 9 ' for any i, j = 0, 1, . . . ,p - 1 with i ^ j, 
the set of extensions of Xp(Xp) 9> i s disjoint from the set of extensions of Xp(a>) 9J ■ 
Since ((^) 9 ') G = X for any i = 0, 1, ... ,p - 1, we have that S((x M (Xp7K) G ) !_ 
^((Xm) G ((Xp) 9 ) G ) = S(xx)- We conclude that the set S(xx) has at least pxp = p 2 
distinct elements. Since x(l) — Pi it follows that rj(x,x) — P 2 ■ D 

If for some s = 1, . . . ,p — 1, the character x^^Xv) 9 is G-invariant, the lemma 
follows by Claim I5"!fl 

Now we assume that none of the characters x^O^l) 9 > f° r * = 1 , ■ ■ ■ , P — 1, 
is G-invariant. Since |G : H\ = p, it follows that (xp(Xm) 9 ) G € Irr(G) and 
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(X^) 9 ') G (1) = P for i = l,...,p- 1. By J£2J) we have [{ X x)h, Xm(xTTK)] 0. 
Thus 

[xX,(Xm(avK) G ]^0. 

We conclude that the set {((xmK (x>) 9 *) G | i, J = 0, 1, . . . , p — 1 and i =/= j} has at 
most p — 1 characters, all of which are irreducible characters of degree p, and lying 
in the set S(xx)- 

Since = X, by Lemma 1X51 we have that E((1h) g ) C S(xx)- Observe 

that (lif) has p distinct irreducible constituents. Observe also that S((1#) G ) 
and {((Xm)^ (Xm) 9 ) G I hJ — 0,1,..., p — 1 and i ^ j} are disjoint sets since 
(X/j.) 9J (Xtl) 9 ' Iff f° r any *>i — 0, 1, ... ,p — 1 with i ^ j. We conclude that 
the set S(xx) has at most 2p — 1 members, i.e. ^(XjX 7 ) < 2p — l. By Theorem A we 
have that 7/(x, x) > 2p — 1 and therefore ry(x, x) = 2p — 1 . Since (p — l)p + p = p 2 , 
we have that all the irreducible constituents of XX appear with multiplicity 1 and 
have the right degree. So the proof is complete. □ 

Proof of Theorem B. Theorem B follows from Lemma 15. II and Theorem A. □ 

6. Examples 

Proposition 6.1. Let p be a prime number and n > be an integer. There exist a 
finite p-group G and a character x G Irr(G) such that x ^ X, ?l(XiX.) = 2n(p — 1) + 1 
and x(l) — P n ■ 

Proof. The statement is clearly true for n = 0. So we may assume that n > 0. By 
induction on n, we may assume that there exist a finite p-group A and a character 
a G Irr(A) such that a ^ a, n(a,a) = 2(n — l)(p — 1) + 1 and a(l) — p n_1 . 

Let C = {0, 1, . . . ,p — 1} be the additive group of integers modulo p. Let H = 
A x ■ ■ • x A be the direct product of p copies of A. Let 7 be a generator of G. 
Define the action of 7 in H by 

(ao, 01, . . . , a p _i) 7 = (a p _i, ao, . . . , a p _2) 

for any ao, a±, . . . , a p _i G A. 

Let G be the semi-direct product of H and G. Then G is the wreath product 
A I C of A by G. 

For i = 0, . . . ,p — 1, set 9i((ao 7 ai, . . . , a p _i)) = a(ai). Observe that 0j G Irr(_ff). 
Also observe that the stabilizer of 6q is H . Thus x — @o S Irr(G) and x(l) = 
p0 o (l) =pa(l) = P B - 

Claim 6.2. x 7^ X- 

Proof. Since a 7^ a, there exists some a G A such that a(a) ^ a(a). Observe that 
X((a, 1, . . . , 1)) = 9 ((a, 1, . . . , 1)) + O ((1, a, . . . , 1) + • • • + O ((1, 1, . . . , a)) 

= a(a) + a(l) H h 

= a(a) + (p - l)a(l) 
#a(a) + (p-l)a(l) 
= x((a, !,...,!)), 



and the claim follows. 



□ 
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Observe that \h = Y^i=o ®i- Consider the set ft = {9(>9k | k = 1, ... ,p — 1}. 
Observe that for i, j = 0, 1, . . . ,p — 1, i ^ j, we have that 6i9j e Irr(iJ) and 6i6j 
is G-conjugatc to the character 9g9k, where k = j — imodp. Since 9o8i ^ OqOj if 
i j, the set il has p — 1 distinct elements. 

For any i = 1, . . . ,p — 1, the character 9 8i is not G-invariant. Otherwise 6>o6*i = 
axl y 4X---xl J 4XSxl J 4X---x 1^4, where a is in the i position, is equal to 
0oO P -i = 5xUX'"XlAXaxlyiX'''X 1a, where a is in the p — i position. Hence 
a = a, a contradiction with our hypothesis. Since \G : H\ = p and 9 n 9i e Lin(i7) 
is not G-invariant, for i = 1, . . . ,p — 1, it follows that (9 a 9i) G G Irr(G). Therefore 
the set {(9o9~) G \ i = 1, . . . ,p - 1} = {{9 t '9~) G \ i,j = 0, 1, . . . ,p - 1 and i ^ j} has 
exactly p — 1 distinct irreducible characters. 

Since ^o^o = aa x lx x • • • x U and 7y(a,a) = 2(n — — 1) + 1, it follows 
that #o#o has 2(n — l)(p — 1) + 1 distinct irreducible constituents. Among those 
constituents, only the character 1# is G-invariant. It follows that (9 9 ) G has 
exactly p + 2(n — \)(p — 1) distinct irreducible constituents. 

We conclude that ri(x,x) = P + 2(n — — 1) +p — 1 = 2n(p — 1) + 1. □ 
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